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Abstract. An equivalence relation is shown to hold between two classes of pseudorandom se- 
quences based on the linear re-rices modulo two. A fast initialization method for GFSR 
sequence is proposed. 
1. INTRODUCTION 
Two types of random number generators using linear recurrence modulo two were proposed 
by Tausworthe [ll] and Lewis & Payne [9]. Tausworthe showed that his sequence is equidis- 
tributed in higher dimensions and has a good autocorrelation property. Lewis & Payne 
called their generator the generalized feedback shift register (GFSR) pseudorandom number 
algorithm. The GFSR algorithm is fast once the initialization process is over, but the initial- 
ization is rather time-consuming. It has another drawback: the sequence initialized by their 
algorithm is not guaranteed to be equidistributed in higher dimensions. In fact, Fushimi & 
Tezuka [5] has shown the following: (1) the condition they posed on the seed matrix, i.e. all 
the columns should be linearly independent, is merely a condition for 1-distributivity; (2) a 
quite different condition, i.e. the independence of all the bits in the first k rows of the seed 
matrix, is necessary and sufficient for k-distributivity. 
After Lewis & Payne’s algorithm was published, several authors proposed methods for 
improving the initializing procedure [1,3,7,10], but they did not recognize the facts (1) and 
(2) above, so that these methods do not necessarily generate good pseudorandom numbers. 
Fushimi & Tezuka [5] proposed a fast initialization procedure which is guaranteed by the 
fact (2) above to generate the sequence with k-distributivity. Another more convenient 
procedure can be devised, however, if we recognize a relationship between Tausworthe and 
GFSR sequences to be shown in the following. 
2. PRELIMINARIES 
Let (at) be the sequence of O’s and l’s generated by the linear recurrence relation 
at = ClUt-~ + c2at-2 + * * * + cpat_p ( mod 2) 
whose characteristic polynomial 
f(D)= 1+c4+c2Dz+**.+cpDp, cp = 1 
is primitive over the Galois field GF(2), given any initial values 
(1) 
(allal,*-- ,ap-1) # (O,O,**. ,O). 
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(at) is a periodic sequence with the period T = 2P - 1, and called by such names ss an M- 
sequence, a PN-sequence, a feedback shift register sequence, etc. We will use the notation 
(at(f)) instead of (at) h w en it is necessary to specify the primitive polynomial associated 
with (at). 
Let R be the set of integers defined by 
R = {r 1 1 5 T < T, gcd(r, T) = 1). 
R forms a group with respect to multiplication modulo T. The set 
(2) 
ci = {1,2,22 )... ,2p-1) (3) 
is a normal subgroup of R, and there are K E cp(T)/p residue classes (including Cr itself) 
to be denoted by Cl, CZ, . . . ,CK, where p(T) = IRI is the Euler’s totient function. 
The following properties of M-sequences are well known [6]. The n-wise decimated se- 
quence (o,t) = (00, a,, a2n,. . .) is again an M-sequence with the same period T as (at) if 
and only if gcd(n,T) = 1; if both gcd(ni,T) = 1 and gcd(nz,T) = 1, then (a,,t) Y (a,J if 
and only if nl and ns belong to the same residue class, where the symbol Y means that the 
two sequences are equivalent except for the starting point. There are exactly K primitive 
polynomials with degree p. We denote by fi(D) the primitive polynomial associated with 
(at) and by .fi(o> one associated with (a,*), n E Ci, 2 5 i _< K. 
3. EQUIVALENCE RELATION 
Using the M-sequence (at(f)) , 
integers as follows. 
we construct two sequences of e-bit (2 5 1 < p) binary 
Tausworthe sequence (Xt(f; cr)): 
Xt = autaut+ 
GFSR sequence (Y,(f; r)): 
lad+2 . -. m+t- I UER (4) 
Yr = atat+rat+zr *-.at+(t-~)~, 7 E R 
Then we have the following 
THEOREM. For any p and e(2 5 & < p), the following equivalence relations hold. 
(&(A; fl)) r (Y,(fi;~-l)) if fl E Ci 




Here, 6-l and 7-l are inverses of u and r, respectively, in the multiplicative group R. 
RROOF: For an arbitraily fixed integer m, 0 < m < e - 1, we consider the sequence 
(a ot+m(fr)). It is easy to see the following relation holds. 
(aOt+m(fr)> Y (ao(t+mO-l)(fi)) 
Y (a t+*o-l(.fi)) if a E Ci. (7) 
Since a,,t+,,,(fr) constitutes the (m+ 1)-st (from the left) bit of X,(fi; u), the above relation 
proves the first equivalence relation (Sit). The second one can be proved similarly. 
4. APPLICATIONS 
One application of the theorem is a fast initialization procedure for GFSR algorithm which 
guarantees the k-distributivity of the sequence. For simplicity, we consider the case where e 
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is an integral power of 2. Let r = 2J’/!. Then r E Cl, and r-l = 1. Thus the equivalence 
relation 
(Y,(f1; 7)) = Wf1; 4) (8) 
follows from the theorem. This means that we can use Xt(f~;!), 0 L t 5 p-l, as initial values 
for the sequence (Y,(~I; r)). Th e construction of these initial values are quite easy since 
they are formed using only the first &J elements of the M-sequence (at(fi)). The sequence 
(WI; T)) t 1 d ini ia ize in this way are guaranteed, by Tausworthe [ll] and our theorems, to 
be k-distributed for 1 5 t 5 1p/1J and to have a good autocorrelation property for lags 
up to [(T - e>/ej. w e remark that these two upper limits, i.e. Ip/eJ and [(T - e)/eJ, 
are maximum possible for any L-bit Tausworthe or GFSR sequence based on a primitive 
polynomial of degree p[5,11], and that [(T - 1)/1J is far bigger than the Lewis & Payne’s 
counterpart loop. 
Another application of our theorem is a method for generating uncorrelated sequences of 
random numbers on parallel processors. This application was briefly described in (41 and 
will be discussed in detail in a forthcoming paper. 
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